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Abstract We prove the existence of the Lagrange multipliers for a constrained optimization
problem, being the constraint set given by the convex set which characterizes the most impor-
tant equilibrium problems. In order to obtain our result, we’ll make use of the new concept
of quasi relative interior.
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1 Introduction

For many network equilibrium problems such as the transportation, the migration, the vacci-
nation, the spatial price markets (both in the price and in the quantity formulation), the electric
power supply chain, the financial markets as well as the Internet networks, the convex set K
of the constraints is of the following type (see [2,3]):

q
K = [x € L*([0.T1.RY) : x(1) > 0ae.in [0, T], D &ixi(r) = p; (1),

i=1
j=1,....laein[0,T], & €{0,1}, ie{l,...,q}]

provided that each index i is such that there exists an index j* for which&;+; = 1and&;; =0
Vj # j*.If we define the matrix & = {&;;} j=1....; and the vector p(t) = [p1 (1), ..., p(D]”,
i=1

a
then, for brevity, the constraints Z?:l Ejixi(t) = pj(t), j=1,...,1, ae.in [0, T] can be

rewritten as ®x(t) = p(¢) a.e.in [0, T'].
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The aim of this paper is to prove the following theorem.
Theorem 1 Let us consider the optimization problem
min f(x) = f(x°),
xeK

where f : L>([0, T],RY) — R is a convex and Gateaux differentiable functional. Then,
there exist the Lagjange multipliers ) € Lz([O, T],RY), A >0,1x € L2([O, T1, ]Rl) such
that the point (xo, A, [t) is a saddle point of the Lagrange functional

q T / T q
L0 h ) = fx) - Z/O 2i(0) xi (1) dr — Z/O (1) (Z Ejixi(1) — p,,-(t)) de
i=1 j=1 i=1

T T q
=f(X)—/O (?»(t),x(t))th—/o <M(t),2~§jixz'(t)—pj(t)> dr,
i=1 1

x € L2([0, T],RY), » € L*([0, T1,RY), » >0, n e L*([0, T], R') and

T*

/ (A(0), x°(1)), dt =0
0

that is 7;(t), x2(t) =0Vi=1,...,q, ae. in[0, T].

Since the interior of the set K is empty, in order to show the above result, we use the new
concept of quasi relative interior and the existence theorem shown in [4,5]. We also remark
that in the paper [1] the authors consider a different constraint qualification assumption,
namely the so-called closed convex cone qualification.

We recall the main result in [4], which we will apply to our case. Let X be a real normed
space and S a nonempty subset of X; let (Y, || - ||) be a real normed space partially ordered
by a convex cone C; let f : S — Rand g : S — Y two functions such that the function

(f,g):S—>RxY

is convex-like with respect to the product cone Ry x C of R x Y. Let Z be a real normed
space, h : X — Z an affine-linear mapping and assume that the constraint set is given by

K={xeS:gkx)e—-C, h(x) =0z}.

Consider the constraint optimization problems:

Ecneiﬂr(} f(x) (1)
and
max ;lcléfs [f (o) + (u, g(x)) + (v, h(x))], (2)
vezZ*

where C* = {u € Y*: (u,y) > 0Vy € C} is the dual cone of C and Z* is the dual space
of Z.

We introduce now an additional hypothesis (see [4]):

a point x* € R satisfies Assumption S if it results:

T (f(°). 0y, 02) N {R™, 0y, 02} =0,
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where
M= {(fO)+oa,gx)+y,h(x):x € S\R, «a>0, yeC}.
In [4] the authors proved the following result:

Theorem 2 Let X be a real normed space and S be a linear subset of X; let (Y, || - ||y) a par-
tially ordered real normed space with convex ordering cone C andlet (Z, ||-||z) a real normed
space. Let f : S — Rbeagiven functionalandletg : S — Y, h : X — Z be given mappings
such that the function (f, g) : S — R x Y is convex—like with respect to the cone Ry x C of
R x Y and h is an affine-linear mapping. Let the setR = {x € S : g(x) € —C, h(x) =0z}
be nonempty and let us assume that qri C # @, cl (C —C) =Y, clh(S —S) = Z and there
exists X € S with g(x) € — qri C and h(X) = 6z. If Assumption S is fulfilled at the extremal

solution x° € R to problem (1), then also problem (2) is solvable and, ifii € C*, v € Z* are
the extremal points of problem (2), it results that

(i1, g(x%) =0
and the extrema of the two problems are equal.

Using Theorem 2 we are able to prove Theorem 1 as shown in the following section.

2 Proof of Theorem 1

In our case, we have:

X=8=L*[0,TI,RY), Y=L*]0,T],RY),
C ={xeL*(0,T],R) : x(r) > Oae.in [0, T},

Z=L*[0,T,R), g(x)=—x, h(x)=[dx—p].

Moreover, f is convex by assumption, g is convex by definition and # is an affine-linear map-
ping by definition; K is anonempty set, qri (C) = {x € L*([0, T], RY) : x(t) > O a.e.in [0, T]},
cl (C — C) = L%([0, T], RY) since x(t) = xT(t) — x~(¢) and, finally, g(x) € — gri C. So,
we only have to prove that also Assumption S holds true.
Since f % = melﬂrg f(x) and is Gateaux differentiable, it results:
X

Fo) = &% = (%, x —x%, VxeR?

and
(f'x%,x=x% >0, VxeK. (3)
We want to prove that variational inequality (3) yields thata.e.in [0, T],Vj =1,...,[,Vr,s
such that &;, = &;; = 1 it results:
@) > 6% @0) = x)(0) =0. )

In fact, let us assume that condition (4) is not verified. Then, there exist a subset £ C [0, T'] :
m(E) = 0, anindex j € {1, ...,/} and a pair r, s of paths such that §;, = &;, = 1 with
fr/(xo) > fs’(xo), but x?(t) > 0 in E. Let us consider a vector X € K such that:
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x) () if h#rs
i) =x%), Vre[0,TI\E and %,(t) =10 if h=r VteE.
0@ +x01) if h=s

Hence, variational inequality (3) becomes:
q q
(f' (%), % —x% = / DA GE - xp) de + / > HEO G — xp) de
£ 0.T\E 4=

= / [0 = F6O] )@ de <o,
E

which is an absurdity. Therefore, the equilibrium condition (4) holds true.
From (4) it derives, setting

() = min { f;(x°(t)) : h = 1,..., g such that &,; = 1} € L*([0, T'])
forj=1,...,landae.in [0, T]and forallr =1, ..., g such that&,; = 1:

o if x0(t) > 0, then £/ (x°(1)) = u;(1);
o if x0(t) = 0, then f£/(x°(1)) > ;1)

We are now able to show that Assumption S holds true. To this end, let
y= nh;go A Lf () + 0oty =X + Yu, Pxp (1) — p(1)] — [f(xo)s Or2¢(0,7,R9)> 9L2([0,T],Rl)]
with

. 0 .
hn >0, nll)n;o (f () +an) = f(x7), nli)n;o (=xn +yn) = QLZ([O,T],RQ)’

nll>n;o ((Dxn(t) — p) = 0L2([0,T],Rl)’ oy > 0, Yn € C, Xn € X.
First, let us prove that
nlijgo A [Py () — p] = 0120, 71,71
In fact,

A [Pyn () — pl = Ay [Pyn (1) — Pxn(r) + Pxn(r) — p]
= A [ (n (1) — X0 ()] + A (Px, () — p)

and the last two terms converges to zero. Hence,
nli)ngo An [DPyn (1) — p1 = 01210, 71,8
Now, we have to prove that
lim A, (f () +an — f(x0) > 0.
n—oo
Since «, > 0, it is sufficient to prove that

1im d (f Con) = £(29) = 0.
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We have:

A (FM) = F0) = M (/0 2" = x0)
= A (F1 (), X" = 3" + d (f/(x29), y" = x0)
T 1
= (f' @) (" = Y")) + A /0 DD FEE)Or6 = XX @) de

Jj=1&j=1

T !
= (£ (), aa (" = ") + A /0 D1 D A0k =)
i=1 | &;=1
! x0(1)>0

+ D FEO) 0 de= (60, a6 = y™)
E,»,':l
x?(t)>0

T 1
e /O SES wooro-Lo+ > wo o}l d

Jj=1 érjzl Erj:l
x0(1)>0 x(1)>0

T 1
— (OO =) 4 [0 3 (0 = py0) o
=

Erjzl

T
= (PG, " — ) + /O (D). 2 (DY (1) — p(1)))1 1.

Now, we have li)ngo(f’(xo), An (X" =y")) = 0, because limy, 0o An (—X"+y") = O12(10.77.r9)
u T,
T
and lim (1), hn (@Y (1) — p(1)))1dt = 0, because lLim A, (®y" (1) — p(1)) =
n—00

n—o00 0

9L2([0, T],Rl) .

Remark 1 If x° € K is a solution to the variational inequality

T
“Find x* e K : / (€, x°@1), x(t) — x°(1)), dr > 0, V¥x e K",

0

we can reduce such a variational inequality problem into problem (1), setting
T
fx) = / (€, x°@), x(t) — (1)), dr Vx e K

0

and observing that
f&%) = min f(x)
xeK

(see, for details, [3,6]).
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