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Abstract We prove the existence of the Lagrange multipliers for a constrained optimization
problem, being the constraint set given by the convex set which characterizes the most impor-
tant equilibrium problems. In order to obtain our result, we’ll make use of the new concept
of quasi relative interior.
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1 Introduction

For many network equilibrium problems such as the transportation, the migration, the vacci-
nation, the spatial price markets (both in the price and in the quantity formulation), the electric
power supply chain, the financial markets as well as the Internet networks, the convex set K

of the constraints is of the following type (see [2,3]):

K =
{

x ∈ L2([0, T ], R
q) : x(t) ≥ 0 a.e. in [0, T ],

q∑
i=1

ξ j i xi (t) = ρ j (t),

j = 1, . . . , l a.e. in [0, T ], ξ j i ∈ {0, 1}, i ∈ {1, . . . , q}
}

provided that each index i is such that there exists an index j∗ for which ξ j∗i = 1 and ξ j i = 0
∀ j �= j∗. If we define the matrix � = {

ξ j i
}

j=1,...,l
i=1,...,q

and the vector ρ(t) = [ρ1(t), . . . , ρl(t)]T ,

then, for brevity, the constraints
∑q

i=1 ξ j i xi (t) = ρ j (t), j = 1, . . . , l, a.e. in [0, T ] can be
rewritten as �x(t) = ρ(t) a.e. in [0, T ].
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The aim of this paper is to prove the following theorem.

Theorem 1 Let us consider the optimization problem

min
x∈K

f (x) = f (x0),

where f : L2([0, T ], R
q) → R is a convex and Gâteaux differentiable functional. Then,

there exist the Lagrange multipliers λ ∈ L2([0, T ], R
q), λ ≥ 0, µ ∈ L2([0, T ], R

l) such
that the point (x0, λ, µ) is a saddle point of the Lagrange functional

L(x, λ, µ) = f (x) −
q∑

i=1

∫ T

0
λi (t) xi (t) dt −

l∑
j=1

∫ T

0
µ j (t)

( q∑
i=1

ξ j i xi (t) − ρ j (t)

)
dt

= f (x) −
∫ T

0
〈λ(t), x(t)〉q dt −

∫ T

0

〈
µ(t),

q∑
i=1

ξ j i xi (t) − ρ j (t)

〉
l

dt,

x ∈ L2([0, T ], R
q), λ ∈ L2([0, T ], R

q), λ ≥ 0, µ ∈ L2([0, T ], R
l) and∫ T

0
〈λ(t), x0(t)〉q dt = 0

that is λi (t), x0
i (t) = 0 ∀i = 1, . . . , q, a.e. in [0, T ].

Since the interior of the set K is empty, in order to show the above result, we use the new
concept of quasi relative interior and the existence theorem shown in [4,5]. We also remark
that in the paper [1] the authors consider a different constraint qualification assumption,
namely the so-called closed convex cone qualification.

We recall the main result in [4], which we will apply to our case. Let X be a real normed
space and S a nonempty subset of X; let (Y, ‖ · ‖) be a real normed space partially ordered
by a convex cone C; let f : S → R and g : S → Y two functions such that the function

( f, g) : S → R × Y

is convex-like with respect to the product cone R+ × C of R × Y. Let Z be a real normed
space, h : X → Z an affine-linear mapping and assume that the constraint set is given by

K = {x ∈ S : g(x) ∈ −C, h(x) = θZ } .

Consider the constraint optimization problems:

min
x∈K

f (x) (1)

and

max
u∈C∗
v∈Z∗

inf
x∈S

[ f (x) + 〈u, g(x)〉 + 〈v, h(x)〉] , (2)

where C∗ = {
u ∈ Y ∗ : 〈u, y〉 ≥ 0 ∀y ∈ C

}
is the dual cone of C and Z∗ is the dual space

of Z .

We introduce now an additional hypothesis (see [4]):
a point x0 ∈ R satisfies Assumption S if it results:

TM̃ ( f (x0), θY , θZ ) ∩ {
R

−, θY , θZ
} = ∅,
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where

M̃ = {( f (x) + α, g(x) + y, h(x)) : x ∈ S \ R, α ≥ 0, y ∈ C} .

In [4] the authors proved the following result:

Theorem 2 Let X be a real normed space and S be a linear subset of X; let (Y, ‖·‖Y ) a par-
tially ordered real normed space with convex ordering cone C and let (Z , ‖·‖Z ) a real normed
space. Let f : S → R be a given functional and let g : S → Y, h : X → Z be given mappings
such that the function ( f, g) : S → R × Y is convex–like with respect to the cone R+ × C of
R × Y and h is an affine–linear mapping. Let the set R = {x ∈ S : g(x) ∈ −C, h(x) = θZ }
be nonempty and let us assume that qri C �= ∅, cl (C − C) = Y, cl h(S − S) = Z and there
exists x̂ ∈ S with g(x̂) ∈ − qri C and h(x̂) = θZ . If Assumption S is fulfilled at the extremal
solution x0 ∈ R to problem (1), then also problem (2) is solvable and, if ū ∈ C∗, v̄ ∈ Z∗ are
the extremal points of problem (2), it results that

〈ū, g(x0)〉 = 0

and the extrema of the two problems are equal.

Using Theorem 2 we are able to prove Theorem 1 as shown in the following section.

2 Proof of Theorem 1

In our case, we have:

X = S = L2([0, T ], R
q), Y = L2([0, T ], R

q),

C = {
x ∈ L2([0, T ], R

q) : x(t) ≥ 0 a.e. in [0, T ]} ,

Z = L2([0, T ], R
l), g(x) = −x, h(x) = [�x − ρ] .

Moreover, f is convex by assumption, g is convex by definition and h is an affine-linear map-
ping by definition; K is a nonempty set, qri (C) = {

x ∈ L2([0, T ], R
q) : x(t) > 0 a.e. in [0, T ]} ,

cl (C − C) = L2([0, T ], R
q) since x(t) = x+(t) − x−(t) and, finally, g(x̂) ∈ − qri C. So,

we only have to prove that also Assumption S holds true.
Since f (x0) = min

x∈K

f (x) and is Gâteaux differentiable, it results:

f (x) − f (x0) ≥ 〈 f ′(x0), x − x0〉, ∀x ∈ R
q

and

〈 f ′(x0), x − x0〉 ≥ 0, ∀x ∈ K. (3)

We want to prove that variational inequality (3) yields that a.e. in [0, T ],∀ j = 1, . . . , l,∀ r, s
such that ξ jr = ξ js = 1 it results:

f ′
f (x0(t)) > f ′

s (x0(t)) 
⇒ x0
r (t) = 0. (4)

In fact, let us assume that condition (4) is not verified. Then, there exist a subset E ⊆ [0, T ] :
m(E) = 0, an index j ∈ {1, . . . , l} and a pair r, s of paths such that ξ jr = ξ js = 1 with
f ′
r (x0) > f ′

s (x0), but x0
r (t) > 0 in E . Let us consider a vector x̃ ∈ K such that:
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x̃(t) = x0(t), ∀t ∈ [0, T ]\E and x̃h(t) =
⎧⎨
⎩

x0
h (t) if h �= r, s

0 if h = r
x0

r (t) + x0
s (t) if h = s

∀t ∈ E .

Hence, variational inequality (3) becomes:

〈 f ′(x0), x̃ − x0〉 =
∫

E

q∑
h=1

f ′
h(x0)(x̃h − x0

h ) dt +
∫

[0,T ]\E

q∑
h=1

f ′
h(x0)(x̃h − x0

h ) dt

=
∫

E

[
f ′
s (x0) − f ′

r (x0)
]

x0
r (t) dt < 0,

which is an absurdity. Therefore, the equilibrium condition (4) holds true.
From (4) it derives, setting

µ j (t) = min
{

f ′
h(x0(t)) : h = 1, . . . , q such that ξhj = 1

} ∈ L2([0, T ])
for j = 1, . . . , l and a.e. in [0, T ] and for all r = 1, . . . , q such that ξr j = 1:

• if x0
r (t) > 0, then f ′

r (x0(t)) = µ j (t);
• if x0

r (t) = 0, then f ′
r (x0(t)) ≥ µ j (t).

We are now able to show that Assumption S holds true. To this end, let

y = lim
n→∞ λn [ f (xn) + αn,−xn + yn,�xn(t) − ρ(t)] − [

f (x0), θL2([0,T ],Rq ), θL2([0,T ],Rl )

]
with

λn > 0, lim
n→∞ ( f (xn) + αn) = f (x0), lim

n→∞ (−xn + yn) = θL2([0,T ],Rq ),

lim
n→∞ (�xn(t) − ρ) = θL2([0,T ],Rl ), αn ≥ 0, yn ∈ C, xn ∈ X.

First, let us prove that

lim
n→∞ λn [�yn(t) − ρ] = θL2([0,T ],Rl ).

In fact,

λn [�yn(t) − ρ] = λn [�yn(t) − �xn(t) + �xn(t) − ρ]

= λn [�(yn(t) − xn(t))] + λn (�xn(t) − ρ)

and the last two terms converges to zero. Hence,

lim
n→∞ λn [�yn(t) − ρ] = θL2([0,T ],Rl ).

Now, we have to prove that

lim
n→∞ λn

(
f (xn) + αn − f (x0)

) ≥ 0.

Since αn ≥ 0, it is sufficient to prove that

lim
n→∞ λn

(
f (xn) − f (x0)

) ≥ 0.
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We have:

λn
(

f (xn) − f (x0)
) ≥ λn〈 f ′(x0), xn − x0〉

= λn〈 f ′(x0), xn − yn〉 + λn〈 f ′(x0), yn − x0〉

= 〈 f ′(x0), λn(xn − yn)〉 + λn

∫ T

0

l∑
j=1

∑
ξr j =1

f ′(x0(t))(yn
r (t) − x0

r (t)) dt

= 〈 f ′(x0), λn(xn − yn)〉 + λn

∫ T

0

l∑
j=1

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑
ξr j =1

x0
r (t)>0

f ′
r (x0(t))(yn

r (t) − x0
r (t))

+
∑
ξr j =1

x0
r (t)>0

f ′
r (x0(t)) yn

r (t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

dt ≥ 〈 f ′(x0), λn(xn − yn)〉

+λn

∫ T

0

l∑
j=1

⎧⎪⎪⎪⎨
⎪⎪⎪⎩

∑
ξr j =1

x0
r (t)>0

µ j (t)(yn
r (t) − x0

r (t)) +
∑
ξr j =1

x0
r (t)>0

µ j (t) yn
r (t)

⎫⎪⎪⎪⎬
⎪⎪⎪⎭

dt

= 〈 f ′(x0), λn(xn − yn)〉 + λn

∫ T

0

l∑
j=1

µ j (t)
∑
ξr j =1

(
yn

r (t) − ρ j (t)
)

dt

= 〈 f ′(x0), λn(xn − yn)〉 +
∫ T

0
〈µ(t), λn

(
�yn(t) − ρ(t)

)〉l dt.

Now, we have lim
n→∞〈 f ′(x0), λn(xn−yn)〉 = 0,because limn→∞ λn(−xn+yn) = θL2([0,T ],Rq )

and lim
n→∞

∫ T

0
〈µ(t), λn

(
�yn(t) − ρ(t)

)〉l dt = 0, because lim
n→∞ λn

(
�yn(t) − ρ(t)

) =
θL2([0,T ],Rl ).

Remark 1 If x0 ∈ K is a solution to the variational inequality

“Find x0 ∈ K :
∫ T

0
〈C(t, x0(t)), x(t) − x0(t)〉q dt ≥ 0, ∀x ∈ K",

we can reduce such a variational inequality problem into problem (1), setting

f (x) =
∫ T

0
〈C(t, x0(t)), x(t) − x0(t)〉q dt ∀x ∈ K

and observing that

f (x0) = min
x∈K

f (x)

(see, for details, [3,6]).
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